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Abstract
In this work alkali atoms hyperfine structure D1 line all pi, σ
+ and σ− transitions between magnetic sublevels are
considered analytically. General 2 × 2 block matrices for ground and excited states were built in order to describe every
transition. Eigenvalues and eigenkets for the mentioned above matrices are calculated and “modified” transfer coefficients
as a function of nuclear angular momentum I, magnetic quantum number m and magnetic field magnitude B are defined.
Transition cancellations are observed only for pi transitions of each isotope. All the magnetic field values, which cancel
transitions are calculated with an accuracy limited by the involved quantities uncertainties.
1 Introduction
Alkali–metal vapors are widely used in atomic physics: in laser experiments, information storage, spectroscopy [1, 2], mag-
netometry, laser frequency stabilization and also these are the main material to study Bose–Einstein condensate. All of this
is due to the fact that alkali metal atoms have a high transition intensity close to the infrared range. Cw narrow–band diode
lasers operating in this domain have good features and are cheap, which allow experimenters to make the experiments easier.
Mentioned above properties makes the study of alkali metal vapor transitions very important, especially in the external
magnetic field.
It is well known that in a moderate external magnetic field B, atomic energy levels split into magnetic sublevels (Zeeman
splitting). The frequencies difference between ground and excited sub–levels is greatly deviated from the linear behavior
[3, 4]. Also significant changes occur for atomic transition probabilities. In the case of small values for B magnetic field (up to
≈ 1000 G), the Zeeman splitted hyperfine transitions are overlapped because of Doppler broadening. To study the behavior of
each atomic transition one should use sub–Doppler techniques. It was demonstrated [5] that by derivative selective reflection
strong line narrowing can be achieved.
In this paper “modified” and unperturbed transition coefficients for D1 line are analytically obtained. General formula
for B value is extracted. All stable and long-lived isotope transition cancellations are considered and B field values, which
cancel transitions are calculated.
2 Theory
Fine structure is the splitting of main spectral lines of an atom. It is a result of the coupling between the orbital angular
momentum L and spin angular momentum S of the single optical electron. The total electron angular momentum can be
written in the following form:
J = L+ S. (1)
For the state we call ground, value of L = 0 and S = 1/2 and for the excited state L = 1, S = 1/2.
D1 line (one of the hyperfine structures) is a result of combination between total electron angular momentum J and total
nuclear angular momentum I of the atom. The total angular momentum F is the vector sum of I and J :
F = I + J . (2)
As in this work only the D1 line of alkali atoms is considered, than for these cases the value of the total electron angular
momentum magnitude is J = 1/2. The total atomic angular momentum (F ) magnitude F can take the following values:
I − 1/2 ≤ F ≤ I + 1/2, (3)
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where I is the magnitude of the total nuclear angular momentum I. For all alkali atoms, which have D1 line 2I = k, where
k ∈ N. Above, for the total atomic angular momentum F the following notations will be used:
F−g,e = I − 1/2,
F+g,e = I + 1/2,
(4)
where index g stands for the ground state and e is for the excited state.
Within magnetic field, D1 line energy levels splits into several magnetic sublevels, which are described by magnetic
quantum number m. Magnetic quantum number can have the following values:
− F ≤ m ≤ F. (5)
On Fig. 1, all possible D1 lines schemes are depicted. The following notations are used: N is the principal quantum
number, which generally describes the system, ξ = E0(F
+
g ) − E(F−g ) is the frequency difference between ground levels and
ε = E0(F
+
e )− E(F−e ) is the frequency difference between excited levels.
m = −F+e −F+e + 1 ... F+e − 1 F+e
F+e
F−e
F+g
F−g
ξ
εN2P1/2
N2S1/2
(a) D1 line scheme in magnetic field, where 2I = k, k ∈ N.
m = −F+e −F+e + 1 ... F+e − 1 F+e
F−e
F+e
F−g
F+g
ξ
εN2P1/2
N2S1/2
(b) D1 line scheme in magnetic field, where I = k, k ∈ N.
Figure 1: Schemes of all possible D1 lines within magnetic field.
Within static magnetic field B, the Hamiltonian H is the sum of the unperturbed Hamiltonian and the Zeeman Hamil-
tonian. We choose the direction of quantization axis the same as the direction of magnetic field [3]. Taking into account the
value of J , in the unperturbed basis |F,m〉, the diagonal elements of the Hamiltonian matrix H is the following:
〈F,m|H |F,m〉 = E0(F )− µBgF (F )mB, (6)
where E0(F ) is the energy of the D1 line F level, µB is the Bohr magneton, gF (F ) is the associated Lande´ factor, m is the
magnetic quantum number and B is the magnetic field magnitude. Non-diagonal elements can be expressed in the following
form:
〈F,m|H |F,m〉 = −µB
2
(gJ − gI)B
√
1−
(
2m
1 + 2I
)2
, (7)
where gJ and gI are Lande´ factors [6]. For the ground and excited states
ggJ = gS and g
e
J =
4gL − gS
3
(8)
respectively. As F quantum numbers for ground and excited states are the same, in Eq. (6) we can use the following formulas
for gF (F ):
gF (F
−
g,e) = gI +
gI − gg,eJ
1 + 2I
and gF (F
+
g,e) =
gg,eJ + 2gII
1 + 2I
. (9)
Using Eq. (6) and Eq. (7), one can be convinced, that the Hamiltonian matrix is block diagonal and each block corresponds
to a given m value. Let’s construct the Hamiltonian general 2× 2 block matrix. In this work we will not show Hamiltonian
matrix elements, which coincide to m = −Fg,e and m = Fg,e values, because they accord to pure states and transitions
corresponding them does not depend on magnetic field value B. As our goal is to obtain formula for B-field value, which
will cancel transitions, both ground and excited E0(F
−) values have been put to zero. Below, matrix G describes the ground
state and can be written as follows:
G =

|F+g ,mg〉 |F−g ,mg〉
〈F+g ,mg| ξ − µB
gS + 2gII
1 + 2I
mgB
µB
2
(gI − gS)B
√
1−
(
2mg
1 + 2I
)2
〈F−g ,mg|
µB
2
(gI − gS)B
√
1−
(
2mg
1 + 2I
)2
−µB
(
gI +
gI − gS
1 + 2I
)
mgB
. (10)
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For the excited state, general 2× 2 block matrix is
E =

|F+e ,me〉 |F−e ,me〉
〈F+e ,me| ε− µB
4gL − gS + 6gII
3(1 + 2I)
meB
µB
2
· 3gI − 4gL + gS
3
B
√
1−
(
2me
1 + 2I
)2
〈F−e ,me|
µB
2
· 3gI − 4gL + gS
3
B
√
1−
(
2me
1 + 2I
)2
−µB
(
gI +
3gI − 4gL + gS
3(1 + 2I)
)
meB
. (11)
Eigenvalues of the G matrix, which describes the ground state, are given by
Λ±G =
ξ − 2µBgImgB
2
± 1
2
√
ξ2 + µ2B(gI − gS)2B2 +
4ξµB(gI − gS)mgB
1 + 2I
. (12)
Corresponding to Λ±G eigenkets, expressed in terms of unperturbed state vectors
|ψ(Fg,mg)〉 =
∑
F ′g
cFgF ′g |F ′g,mg〉 (13)
are
|ψ(F±g ,mg)〉 =
1√
1 + κ2g±
|F+g ,mg〉+
κg±√
1 + κ2g±
|F−g ,mg〉 , (14)
where κg± =
Λ±G − ξ + µB
gS + 2gII
1 + 2I
mgB
µB
2
(gI − gS)B
√
1−
(
2mg
1 + 2I
)2 .
And for the excited state, eigenvalues of the E matrix is
Λ±E =
ε− 2µBgImeB
2
± 1
2
√
ε2 + µ2B
(
3gI − 4gL + gS
3
)2
B2 +
4εµB(3gI − 4gL + gS)meB
3(1 + 2I)
, (15)
with eigenkets, written in terms of the unperturbed atomic state vectors
|ψ (Fe,me)〉 =
∑
F ′e
cFeF ′e |F ′e,me〉 (16)
are the following:
|ψ(F±e ,me)〉 =
1√
1 + κ2e±
|F+e ,me〉+
κe±√
1 + κ2e±
|F−e ,me〉 , (17)
where κe± =
Λ±E − ε+ µB
4gL − gS + 6gII
3(1 + 2I)
meB
µB
2
· 3gI − 4gL + gS
3
B
√
1−
(
2me
1 + 2I
)2 .
The relation, which define electric dipole component Dq [3] is the following:
| 〈e|Dq |g〉 |2 =
3ε0~Γeλ3eg
8pi2
a2[|ψ(Fe,me)〉 ; |ψ(Fg,mg)〉 ; q], (18)
where ε0 is the vacuum electric permittivity, Γe is the natural decay rate, λeg is the wavelength between ground and excited
states, q = 0,±1 corresponds for pi, σ± transitions respectively. The definition of “modified” transfer coefficient is
a[|ψ(Fe,me)〉 ; |ψ(Fg,mg)〉 ; q] =
∑
F ′e,F ′g
cFeF ′ea(F
′
e,me;F
′
g,mg; q)cFgF ′g , (19)
where a(Fe,me;Fg,mg; q) are the unperturbed transfer coefficients:
a(Fe,me;Fg,mg; q) = (−1)3/2+I+Fe+Fg−me
√
2
√
2Fe + 1
√
2Fg + 1
(
Fe 1 Fg
−me q mg
){
Fe 1 Fg
1/2 I 1/2
}
, (20)
which depends on Wigner 3-j and 6-j symbols.
3
In fact, there are no any transition cancellations observed for all σ+ and σ− transitions. Cancellations are possible only
for pi transitions (i.e. case, when mg = me = m). Let’s examine a(Fe,m;Fg,m; 0) unperturbed transfer coefficients. The
first one is:
a(F−e ,m;F
−
g ,m; 0) = −
1√
3
· 2m
1 + 2I
. (21)
The second unperturbed transfer coefficient is
a(F−e ,m;F
+
g ,m; 0) =
1√
3
·
√
1−
(
2m
1 + 2I
)2
. (22)
Initially, the third unperturbed transfer coefficient have the following form:
a(F+e ,m;F
−
g ,m; 0) = (−1)1+2I−2m ·
1√
3
·
√
1−
(
2m
1 + 2I
)2
. (23)
But taking into account the fact mentioned in Eq. (5), and by replacing m in the power of −1, it will become (−1)2(1+2I+k),
k ∈ N. Obviously, this is equal to 1. So, Eq. (23) become
a(F+e ,m;F
−
g ,m; 0) =
1√
3
·
√
1−
(
2m
1 + 2I
)2
. (24)
And the last unperturbed transfer coefficient is
a(F+e ,m;F
+
g ,m; 0) =
1√
3
· 2m
1 + 2I
. (25)
Coming back to the “modified” transfer coefficients, from Eq. (19), Eq. (20) and formulas (21), (22), (24), (25) the first
quantity is
a[|ψ(F−e ,m)〉 , |ψ(F−g ,m)〉 , 0]
=
κe−√
1 + κ2e−
× a (F−e ,m;F−g ,m; 0)× κg−√
1 + κ2g−
+
κe−√
1 + κ2e−
× a (F−e ,m;F+g ,m; 0)× 1√
1 + κ2g−
+
1√
1 + κ2e−
× a (F+e ,m;F−g ,m; 0)× κg−√
1 + κ2g−
+
1√
1 + κ2e−
× a (F+e ,m;F+g ,m; 0)× 1√
1 + κ2g−
. (26)
Solution of a[|ψ(F−e ,m)〉 , |ψ(F−g ,m)〉 , 0] = 0 is
B−− = −
1
µB
· 2m
1 + 2I
· 6ξε
3gIε− 3gSε+ 3gIξ − 4gLξ + gSξ . (27)
Quantities a[|ψ(F−e ,m)〉 , |ψ(F+g ,m)〉 , 0] = 0 and a[|ψ(F+e ,m)〉 , |ψ(F−g ,m)〉 , 0] = 0 have no solution.
And the solution of the last quantity
a[|ψ(F+e ,m)〉 , |ψ(F+g ,m)〉 , 0]
=
κe+√
1 + κ2e+
× a (F−e ,m;F−g ,m; 0)× κg+√
1 + κ2g+
+
κe+√
1 + κ2e+
× a (F−e ,m;F+g ,m; 0)× 1√
1 + κ2g+
+
1√
1 + κ2e+
× a (F+e ,m;F−g ,m; 0)× κg+√
1 + κ2g+
+
1√
1 + κ2e+
× a (F+e ,m;F+g ,m; 0)× 1√
1 + κ2g+
(28)
is:
B++ = −
1
µB
· 2m
1 + 2I
· 6ξε
3gIε− 3gSε+ 3gIξ − 4gLξ + gSξ . (29)
Mathematically, the conditions of the considered “modified” transfer coefficients solutions, which define permissible values
of magnetic quantum number m and total nuclear angular momentum magnitude I, are
I ≥ 1
2
and
1
2
− I ≤ m ≤ I − 1
2
. (30)
Here is taken into account, that transitions between pure states is not a function of B. But from the point of view of physics,
as the values of B should be positive, for both B++ and B
−
− formulas we need to reformulate Eq. (30) and set more strict
conditions, which are
I ≥ 1
2
and 0 < (−1)2Im ≤ (−1)2I
(
I − 1
2
)
. (31)
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3 Stable and long-lived isotopes analysis
In this section we fully analysed D1 line transition cancellations of
23Na, 39K, 40K, 41K, 85Rb, 87Rb and 133Cs atoms. All
mentioned isotopes, except of 40K and 87Rb are stable. The half-life of 40K is 1.248(3) and of 87Rb is 49.23(22) billion years.
In Table 1 all considered isotope datas are brought with their uncertainties. As one can see, the most imprecise values
in general case are ε. But for 39K, 40K and 41K frequency differences between ground state levels are not known as well.
These quantities have the most influence on uncertainty size of the calculated B values.
Table 1: Values used to calculate transition cancellations of D1 line with their uncertainties.
Isotope I gL gI ξ (MHz) ε (MHz)
23Na 3/2 0.99997613 -0.00080461080(80) 1771.6261288(10) 188.697(14) [7]
39K 3/2 0.999985916978925(70)* -0.00014193489(12) 461.73(14) [8] 57.696(10) [7]
40K 4 0.99998627(25) 0.000176490(34) -1285.87(35) [8] -155.31(35) [8]
41K 3/2 0.999986604124090(79)* -0.00007790600(8) 253.99(12) [8] and Tiecke 30.50(16) [8]
85Rb 5/2 0.99999354 -0.00029364000(60) 3035.7324390(60) 361.58(17)
87Rb 3/2 0.99999369 -0.0009951414(10) 6834.682610904290(90) 814.50(13)
133Cs 7/2 0.99999587 -0.00039885395(52) 9192.631770 (exact) 1167.680(30)
It should be noted, that for I = k, where k ∈ N (e.g. 40K) cases the values of ξ and ε should have the minus sign
to be in agreement with our notations. For further calculations, for the Bohr magneton and gS factor we used µB/h =
−1.3996245042(86) MHz/G and gS = 2.0023193043622(15) [9] values respectively. In Table 1, * stands for the calculated
values of gL using [10].
For 23Na, 39K, 41K and 87Rb the total atomic angular momentum magnitude is F = 1 for the lower levels of ground and
excited states and F = 2 for the upper levels. For all isotopes transition cancellations are observed only for m = −1 value
(see Fig. 2).
Figure 2: 23Na, 39K, 41K and 87Rb isotopes D1 lines pi transition “modified” transfer coefficients for m = −1 value.
Table 2: B field values cancelling transitions of 23Na, 39K, 41K and 87Rb isotopes with their uncertainties.
Isotope No. Fg Fe m B (G)
23Na
1
2
1
2
1
2
-1
-1
153.2007(86)
153.2007(86)
39K
3
4
1
2
1
2
-1
-1
44.991(10)
44.991(10)
41K
5
6
1
2
1
2
-1
-1
24.046(95)
24.046(95)
87Rb
7
8
1
2
1
2
-1
-1
642.590(76)
642.590(76)
5
In Table 2 all B field values, which cancel transitions are calculated. The numbers in the second column refer to the
labeling of Fig. 2, the third and fourth columns show the values of the total angular momentum magnitude for ground
and excited states accordingly. The fifth column indicates from which magnetic sublevel the transition occurs and the sixth
column display calculated values of B field with uncertainty.
For 85Rb the total atomic angular momentum magnitude is F = 2 for the lower levels of ground and excited states and
F = 3 for the upper levels. Transition cancellations are observed for m = −2 and m = −1 values. On Fig. 3, “modified”
transfer coefficients for all pi transitions which have a cancellation are depicted.
Figure 3: 85Rb D1 line “modified” transfer coefficients for pi transitions, which have a cancellation. Cancellations are observed
for m = −2 and m = −1 values.
In Table 3 all B field values, which cancel transitions of 85Rb D1 line are calculated.
Table 3: B field values cancelling transitions of 85Rb isotope with their uncertainties.
Isotope No. Fg Fe m B (G)
85Rb
1
2
3
4
2
3
2
3
2
3
2
3
-2
-2
-1
-1
380.73(13)
380.73(13)
190.368(66)
190.368(66)
For 133Cs, the total atomic angular momentum magnitude is F = 3 for the lower levels of ground and excited states and
F = 4 for the upper levels. Transition cancellations are observed for m = −3, m = −2 and m = −1 values. On Fig. 4,
“modified” transfer coefficients for all pi transitions which have a cancellation are shown.
Figure 4: 133Cs D1 lines pi transition coefficients, which have a cancellation. Cancellations are observed for m = −3, m = −2
and m = −1 value.
In Table 4 all B field values, which cancel transitions of 133Cs D1 line are calculated.
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Table 4: B field values cancelling transitions of 133Cs isotope with their uncertainties.
Isotope No. Fg Fe m B (G)
133Cs
1
2
3
4
5
6
3
4
3
4
3
4
3
4
3
4
3
4
-3
-3
-2
-2
-1
-1
1359.237(26)
1359.237(26)
906.158(17)
906.158(17)
453.0790(84)
453.0790(84)
For 40K the total atomic angular momentum magnitude is F = 9/2 for the lower levels of ground and excited states and
F = 7/2 for the upper levels. Transition cancellations are observed for m = 7/2, m = 5/2, m = 3/2 and m = 1/2 values.
On Fig. 5, “modified” transfer coefficients for all pi transitions which have a cancellation are depicted.
Figure 5: 40K D1 lines pi transition coefficients, which have a cancellation. Cancellations are observed for m = 7/2, m = 5/2,
m = 3/2 and m = 1/2 values.
In Table 5 all B field values, which cancel transitions of 40K D1 line are calculated.
Table 5: B field values cancelling transitions of 40K isotope with their uncertainties.
Isotope No. Fg Fe m B (G)
40K
1
2
3
4
5
6
7
8
9/2
7/2
9/2
7/2
9/2
7/2
9/2
7/2
9/2
7/2
9/2
7/2
9/2
7/2
9/2
7/2
7/2
7/2
5/2
5/2
3/2
3/2
1/2
1/2
190.20(33)
190.20(33)
135.85(24)
135.85(24)
81.51(15)
81.51(15)
27.171(48)
27.171(48)
4 Conclusion and outlook
In this work a fully analytical model to calculate all optical transitions within magnetic field for all type of polarized light
and for all alkali atoms D1 lines is developed. Described in our previous works [11, 12], obtained magnetic field values can
serve as standardized quantities for an atomic system.
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5 Appendix
As in the article main analytical calculations are for pi transitions, thus in this section we will examine unperturbed transfer
coefficients for other cases, which are very important to obtain “modified” transfer coefficients (i.e. electric dipole component
Dq). Here-after we will show unperturbed transfer coefficients for σ
+ and σ− transitions.
a(F−e ,m± 1;F−g ,m;±1) = ±
1√
6
· 1
1 + 2I
·
√
4I2 − (1± 2m)2. (32)
a(F−e ,m± 1;F+g ,m;±1) = −
1√
6
· 1
1 + 2I
·
√
4(I ∓m)2 − 1. (33)
a(F+e ,m± 1;F−g ,m;±1) =
1√
6
· 1
1 + 2I
·
√
(1 + 2I ± 2m)(3 + 2I ± 2m). (34)
a(F+e ,m± 1;F+g ,m;±1) = ∓
1√
6
· 1
1 + 2I
·
√
(1 + 2I ∓ 2m)(3 + 2I ± 2m). (35)
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